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MORE D-BRANES IN THE NAPPIWITTEN
BACKGROUND
JOSÉ MIGUEL FIGUEROA-O'FARRILL AND SONIA STANCIU
Abstrat. We re-examine the problem of determining the pos-
sible D-branes in the NappiWitten bakground. In addition to
the known branes, we nd that there are also D-instantons, at
eulidean D-strings and urved D-membranes admitting parallel
spinors, all of whih an be interpreted as (twisted) onjugay
lasses in the NappiWitten group.
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1. Introdution and motivation
D-branes have played a entral role in many of the fasinating de-
velopments in string theory in the last few years. They have proved
partiularly versatile in bridging the gap between gauge theory and
gravity. This is due to the fat that they admit two very dierent de-
sriptions: as stable solutions of type II supergravity on the one hand,
and as boundary onditions for open strings on the other. Despite the
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fat that both desriptions play equally important roles in the grav-
ity/gauge theory orrespondene, the present state of our knowledge
displays a onspiuous lak of symmetry. Whereas there has been muh
progress in onstruting D-brane-type solutions to type II supergravity,
it is only in very few ases that we an atually asertain that these
solutions desribe possible boundary onditions for open strings. In
partiular, very little is known about D-branes (in the sense of open
string boundary onditions) in nontrivial bakgrounds, e.g., in urved
spae. This mirrors the fat that whereas one an write down many
supergravity vaua, it is not lear how to desribe string propagation
on many of them. It therefore might seem unreasonable to expet a
stringy desription of a D-brane solution on a bakground for whih
string propagation (without branes) annot be adequately desribed.
By the same token, it is not unreasonable to expet that we should
be able to understand D-branes in those bakgrounds for whih a on-
formal eld theory an be written down. Suh bakgrounds inlude
at spaes, orbifolds, toroidal and CalabiYau ompatiations, and
WZW and oset models. In many of these ases, D-branes are fairly well
understood from both geometri and onformal eld theoreti points
of view, but in some ases (e.g., the WZW model) a lot less is known
than one might expet.
The purpose of the present paper is to re-examine the problem of
determining the possible onformal invariant Dirihlet boundary ondi-
tions in a WZW model from a geometri perspetive, and to illustrate
the results in the ase of the WZW model assoiated to the Nappi
Witten group [5℄. This string bakground is privileged in that it an
be treated exatly as a onformal eld theory, and the geometry is also
simple enough to be studied lassially. It also displays, as we shall
see, many of the features of D-branes present in general WZW models.
The analysis omplements the work in [8℄ in that we study a dierent
type of gluing onditions for the hiral urrents.
There is growing body of literature on the subjet of boundary on-
ditions in WZW models, and we will not attempt to list all relevant
papers here, exept for those whih have a diret relation to the present
one. A fuller omparative disussion of the literature an be found in
[6℄, whih explains the geometri interpretation of the gluing onditions
on whih this paper is based.
This note is organised as follows. In Setion 2 we disuss boundary
onditions for WZW models and their relation to the more familiar
gluing onditions on the hiral urrents. The approah here follows the
one in [6℄. In ontrast with that paper, we restrit ourselves to the
ase of gluing onditions given by an automorphism. The assoiated
boundary onditions are then those assoiated to onjugay lasses and
twisted generalisations thereof. In Setion 3 we illustrate these results
to the NappiWitten group and we determine its (twisted) onjugay
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lasses, identifying those whih an be interpreted as D-branes. We will
see that among these lasses one nds urved membranes, at eulidean
strings and instantons. In Setion 4 we summarise the results of the
paper.
2. D-branes in WZW models
The WZW model is the theory of harmoni maps g : Σ→ G from a
two-dimensional worldsheet Σ to a Lie groupG possessing a bi-invariant
metri. This indues on the Lie algebra g of G an invariant salar
produt. Let the worldsheet have boundary ∂Σ. In the simplest ase,
D-branes will orrespond to ertain submanifolds B ⊂ G whih an be
used as boundary onditions; that is, suh that the map g takes the
boundary of the worldsheet to B. In other words, in the presene of
a D-brane, admissible eld ongurations are those maps g : Σ → G
suh that g : ∂Σ → B. Not all submanifolds B ⊂ G are allowed: a
onsistent boundary ondition must preserve onformal invariane.
1
2.1. Boundary onditions. The onformal symmetry of the WZW
model is a onsequene of the ane symmetry
g(z, z¯) 7→ Ω(z)g(z, z¯)Ω¯(z¯)−1 ,
where Ω(z) and Ω¯(z¯) are independent maps from Σ to G depending
holomorphially and anti-holomorphially, respetively, on the omplex
oordinate. One way to guarantee onformal invariane of a boundary
ondition is therefore to preserve a large enough subgroup of the ane
symmetry.
Let us x one boundary omponent and hoose a loal parametrisa-
tion of the worldsheet for whih the boundary omponent in question
oinides with the real axis z = z¯. Then at the boundary the ane
symmetry beomes
g
∣∣
∂Σ
7→ Ω(z)g
∣∣
∂Σ
Ω¯(z)−1 .
It is easy to envisage submanifolds B ⊂ G whih preserve some of
the ane symmetry; although proving the onformal invariane of the
orresponding boundary onditions might be muh more diult. We
will onentrate here on boundary onditions suh that B is a (twisted)
onjugay lass, as this will be born out by our analysis of the geometry
assoiated to ertain gluing onditions.
1
Of ourse, there are more onsisteny onditions, namely the ones oming from
demanding the ompatibility between the open and losed string pitures for pro-
esses involving these D-branes. In order to impose these extra onditions, however,
it is neessary to have the quantum eld theory assoiated to the WZW under on-
trol, and in partiular to know the spetrum. In this paper we will only fous on
the onsisteny onditions oming from onformal invariane, or less generally from
invariane under the urrent algebra.
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Let G be a onneted Lie group and g0 ∈ G an element. Let C(g0)
denote the onjugay lass of the element g0, dened as the subset of
G with the following elements:
C(g0) :=
{
gg0g
−1 | g ∈ G
}
.
The onjugay lass of an element g0 is therefore the orbit of that
element under the adjoint ation of the group: Adg : G → G, dened
by Adg(g0) = gg0g
−1
. Eah onjugay lass is a onneted submanifold
of G. Sine every element g0 belongs to one and only one onjugay
lass, G is foliated by its onjugay lasses. The leaves of the foliation
need not all have the same topology; in other words, the foliation need
not be a bration.
For ompat simple groups a well-known result says that every el-
ement is onjugate to some maximal torus T. The Weyl group W =
N(T)/T further relates elements of the maximal torus. Therefore the
onjugay lasses are parametrised by the quotient T/W of a maximal
torus by the Weyl group. For example, for G = SU(2), the onjugay
lasses are parametrised by S1/Z2, whih we an understand as the
interval θ ∈ [0, π]. The onjugay lasses orresponding to θ = 0, π
are points, orresponding to the elements in the entre of SU(2): ±1,
whereas the lasses orresponding to θ ∈ (0, π) are spheres. If we pi-
ture SU(2), whih is homeomorphi to the 3-sphere, as the one-point
ompatiation of R
3
where the sphere at innity is ollapsed to a
point, the foliation of SU(2) by its onjugay lasses oinides with the
standard foliation of R
3
by 2-spheres with two degenerate spheres at
the origin and at innity. Beause of the degeneration of the limiting
spheres the foliation is not a bration. This is not surprising, sine S3
is a irle bundle over S2 and not a sphere bundle over S1.
For nonompat groups the problem is more subtle sine there is no
longer a notion of maximal torus, even in the semisimple ase. In the
absene of a general theory, one has to treat eah ase independently.
For example, the onjugay lasses of SL(2,R) an be found in [7℄,
in the ontext of D-branes on AdS3. In this paper we will determine
the onjugay lasses of the nonompat nonredutive Lie group N
introdued by Nappi and Witten in [5℄ and whih we term the Nappi
Witten group.
The boundary onditions assoiated with onjugay lasses preserve
an innite-dimensional ane symmetry
g
∣∣
∂Σ
7→ Ω(z)g
∣∣
∂Σ
Ω¯(z)−1 , (1)
where now Ω¯ = Ω at the boundary, but otherwise arbitrary.
A similar situation obtains in the ase of boundary onditions whih
say that B ⊂ G is a shifted onjugay lass: B = hC or B = C h,
where h ∈ G and C is a onjugay lass. This also respets the ane
symmetry in (1), but ating on h−1g and gh−1 respetively.
MORE D-BRANES IN THE NAPPIWITTEN BACKGROUND 5
A way to generalise this situation is to onsider twisted onjugay
lasses. Every automorphism r of the group gives rise to a twisted ver-
sion of onjugay lasses, by onsidering the orbit of a group element h,
say, under the twisted onjugation h 7→ ghr(g)−1. If the automorphism
is inner, so that there is a group element k suh that r(g) = kgk−1,
then the orbit under the twisted onjugation is simply the shifted on-
jugay lass k−1C(gk); however when the automorphism is not inner,
the orbits are quite dierent, as we will see below in the ase of the
NappiWitten group. These boundary onditions are also preserved by
the innite-dimensional ane symmetry given by (1), but where now
Ω¯ = r(Ω) at the boundary.
We will not attempt here to prove diretly that all these bound-
ary onditions preserve onformal invariane. One may argue that
these boundary onditions seem reasonable beause in the more famil-
iar ase of free elds, whih we an think as an abelian WZW model,
D-branes are essentially points or planes, whih an be interpreted
group-theoretially as (twisted) onjugay lasses. Instead we will start
from the gluing onditions satised by the hiral urrents and under
some natural assumptions reover the above boundary onditions.
2.2. Gluing onditions. In the same way as the onformal invariane
of the WZW model is most easily proven using the innite-dimensional
ane symmetry obeyed by the urrents, determining whether a bound-
ary ondition preserves onformal invariane is most easily ahieved by
deriving from it a ondition in terms of the hiral urrents.
In the algebrai approah to the WZW model, the fundamental dy-
namial variables are the ane urrents
J(z) = −∂g g−1 and J¯(z¯) = g−1 ∂¯g ,
where g = g(z, z¯). The dynami ontent of the WZW model is enoded
in the (anti-)holomorphiity of these urrents. These urrents are Lie
algebra valued (1, 0)- and (0, 1)-forms on the worldsheet. The sign is
hosen so that J(z) and J¯(z¯) obey isomorphi ane algebras.
In this approah, boundary onditions are expressed as gluing on-
ditions on the hiral urrents. Let R : g → g denote an invertible
linear map in the Lie algebra. At this moment we are not assuming
any further properties of R. By a gluing ondition we mean a relation
of the form
J¯(z¯)
∣
∣
∂Σ
= RJ(z)
∣
∣
∂Σ
. (2)
The fundamental requirement of a gluing ondition is that it should
preserve the onformal algebra at the boundary. In the WZW model,
the Virasoro generators are made out of the hiral urrents via the
Sugawara onstrution, whih takes the form
T (z) = 〈J(z), J(z)〉 and T¯ (z¯) =
〈
J¯(z¯), J¯(z¯)
〉
,
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where 〈−,−〉 is a nondegenerate invariant salar produt in the Lie
algebra g.
2
Conformal invariane then ditates that R should be an
isometry of this salar produt. We will see below that under some
further assumptions it is natural to demand that R be a Lie algebra
automorphism.
It should be mentioned that the mapR need not be onstant, it ould
depend on the point g ∈ G; in other words, R ould be a funtion from
the group G to the group of isometries of g. Indeed, as shown in [8℄ via
a σ-model analysis of the Neumann boundary onditions, in order to
obtain a D-brane whih lls the whole group manifold (at least in the
ase of a nonompat group), one needs to impose a gluing ondition
with a nononstant R. The impliit restrition to onstant R has no
oneptual basis; it is simply a pratial one, sine it is not known in
general how to work quantum-mehanially with the eld g, but only
with the hiral urrents.
2.3. The geometry of the gluing onditions. The geometry of
a D-brane is enoded in the boundary onditions that the elds sat-
isfy. Sine the relation between the gluing onditions and boundary
onditions is in most ases not straightforward, therein lies the major
diulty in the study of D-branes on WZW models. One way to un-
derstand where the diulty lies is to notie that the gluing onditions
relate urrents whih take values in the Lie algebra, equivalently in the
tangent spae to the Lie group at the identity; whereas in order to
derive any geometri information about the D-brane what one needs
are loal onditions on the map g : Σ → G at the boundary of the
worldsheet, whih need not be mapped anywhere near the identity in
the group. This ompliation is absent for an abelian group, sine the
urrents are diretly related to the oordinates; but for a nonabelian
group the relationship between the gluing onditions and the boundary
onditions is not totally understood. In what follows we will present a
natural lass of solutions related to (twisted) onjugay lasses, but as
shown in [8, 7, 6℄ these are not the only possible solutions.
Let us start by writing down the gluing onditions (2) in terms of
the map g : Σ→ G:
g−1∂¯g = −R(∂gg−1) ,
where in this and in many of the following equations we are impliitly
evaluating both sides of the equation on the boundary. This relation is
2
This need not be the same salar produt whih appears in the operator produt
algebra obeyed by the hiral urrents, or indeed in the WZW lagrangian. In the
ase of a simple algebra, the dierene is simply a familiar renormalisation, but
in the ase of nonsemisimple Lie algebras like that of the NappiWitten group,
the dierene between the two salar produts is proportional to the Killing form,
whih is now degenerate. Nevertheless, as shown in [4℄, both of these salar produts
are nondegenerate and an be used to furnish the orresponding Lie group with a
bi-invariant metri.
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a linear equation in the Lie algebra, whih we identify with the tangent
spae to the Lie group at the identity. We an translate it to a linear
equation at the point g:
∂¯g = −gR(∂gg−1) ,
where we have abused notation slightly and written the dierentials
of left- and right-multipliation as left and right multipliation by g,
as for matrix groups. Introduing λ and ρ as the dierential maps
assoiated to left- and right-translations, respetively, we an rewrite
this equation in a more invariant form as follows:
∂¯g = −(λg ◦R ◦ ρ
−1
g ) ∂g . (3)
We seek to interpret this ondition as dening a boundary ondition
of the form g : ∂Σ → B where B ⊂ G is a submanifold. We will assume
that in addition B is nondegenerate, so that the bi-invariant metri on
G restrits non-degenerately to B. We believe this assumption to be
physially reasonable. Let us remark that the bi-invariant metri on G
is the one indued by the invariant salar produt in the Lie algebra
whih is used in the Sugawara onstrution. As remarked earlier this
need not agree with, or be in the same onformal lass as, the metri
appearing in the WZW lagrangian and hene in the operator produt
algebra of the hiral urrents.
The assumption on the submanifold B ⊂ G says that at any point
g ∈ B one has the following orthogonal deomposition of the tangent
spae to G:
TgG = TgB ⊕ TgB
⊥ .
We will let
⊥
denote the orthogonal projetion TgG→ TgB
⊥
along TgB.
In the open string piture, a (Dirihlet) boundary ondition g : ∂Σ → B
says that the normal omponent of the tangential derivative along the
boundary vanishes, whene
(∂¯g)⊥ = −(∂g)⊥ . (4)
Beause of the bi-invariane of the metri and the fat that R is an
isometry, the linear map (λg ◦ R ◦ ρ
−1
g ) respets the above orthogonal
deomposition, whene the normal omponent of equation (3) together
with (4) implies that
(1− λg ◦R ◦ ρ
−1
g )(∂g)
⊥ = 0 .
Sine ∂g is arbitrary on the boundary, this is obeyed by all normal
vetors to B at g, and hene denes what it means for a vetor to be
normal to B. This in turn will tell us what it means for a vetor to be
tangent to B.
The above equation says that a vetor η ∈ TgG is normal to B if and
only if it belongs to the kernel of the linear map
(1− λg ◦R ◦ ρ
−1
g ) : TgG→ TgG .
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In other words,
TgB
⊥ = ker(1− λg ◦R ◦ ρ
−1
g ) .
Hene the tangent spae TgB to B, being dened as the orthogonal
omplement of TgB
⊥
, is then the image of the adjoint of the above
linear map
TgB = TgB
⊥⊥ =
[
ker(1− λg ◦R ◦ ρ
−1
g )
]⊥
= im(1− λg ◦R ◦ ρ
−1
g )
† ,
where
(1− λg ◦R ◦ ρ
−1
g )
† = 1− (λg ◦R ◦ ρ
−1
g )
†
= 1− (λg ◦R ◦ ρ
−1
g )
−1 = 1− ρg ◦R
−1 ◦ λ−1g ,
where we have used the fat that (λg ◦R ◦ ρ
−1
g ) is an isometry, whene
its adjoint is its inverse. In other words, the tangent spae TgB to B
at g is made out of vetors of the form
ξ − R−1(g−1ξ)g
for any ξ ∈ TgG. Now, the tangent vetors ξ an be put in one-to-
one orrespondene with vetors X in the Lie algebra via the relation:
ξ = −gR(X). Therefore TgB onsists of vetors of the form
Xg − gR(X) for X ∈ g.
There is one further ondition that we have to impose. Sine B ⊂ G
is a submanifold, its tangent vetors span an integrable distribution (in
the sense of Frobenius); that is, the Lie braket of two tangent vetors
should again be a tangent vetor. In other words, one must impose
that
[Xg − gR(X), Y g − gR(Y )] = Zg − gR(Z) for some Z ∈ g. (5)
To ompute the above Lie braket we notie that left-invariant ve-
tor elds generate right-translations, whih are anti-homomorphisms,
whereas right-invariant vetor elds generate left-translations, whih
are homomorphisms, and that left- and right-translations ommute.
Therefore, one omputes
[Xg − gR(X), Y g − gR(Y )] = [XY ]g − g[R(X)R(Y )] .
Comparing with the right-hand side of equation (5) we see that
[XY ]g − g[R(X)R(Y )] = Zg − gR(Z) for some Z ∈ g.
A natural solution is Z = [XY ] and hene [R(X)R(Y )] = R([XY ]),
so that R is an automorphism; but it is important to realise that,
sine there is no unique way of deomposing a vetor eld into the
sum of a left- and a right-invariant vetor elds, this is not the only
solution. Indeed, as evidened by some of the results in [8, 7, 6℄, there
are onformally invariant boundary onditions in WZW models for
whih R is not an automorphism.
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For the purposes of this paper we will however assume that R is an
automorphism, and disuss the resulting boundary onditions.
Let us oer two remarks:
• An automorphism R leaves invariant the Killing form and hene
if it is an isometry with respet to the salar produt in the Sug-
awara onstrution it will also be an isometry with respet to
the salar produt appearing in the WZW lagrangian or in the
operator produt algebra of the hiral urrents; and
• Taking R to be automorphism fores B to be a submanifold.
This means that in order to desribe ongurations of interseting
branes, for example, where B is the union of two submanifolds,
one is fored to onsider gluing onditions where R is not an au-
tomorphism.
2.4. D-branes and (twisted) onjugay lasses. We assume then
that R is an automorphism, so that the submanifold B ⊂ G dening
the boundary onditions is suh that its tangent vetors at g are all of
the form Xg− gR(X) for some X ∈ g. Suh a vetor is tangent to the
following urve through g:
γX(t) = e
tXge−tR(X) . (6)
Let us dene the map r : G→ G by
r
(
etX
)
= etR(X) ,
for small enough t and for all X ∈ g. Sine we assume that the group
is onneted, r extends to a Lie group automorphism. It is moreover
lear that r is an isometry relative to the bi-invariant metri on the Lie
group provided that R preserves the salar produt in the Lie algebra.
Therefore the urves desribed by (6) orrespond to urves on the orbit
of the point g under the twisted adjoint ation of the group: Adr(h)g :=
hgr(h)−1, and hene B an be identied with the orbit of g under suh
an ation:
B = Cr(g) =
{
hgr(h)−1 | h ∈ G
}
.
We all these orbits twisted onjugay lasses, sine they redue to
onjugay lasses when r is the identity.3
In ontrast to the ase of onjugay lasses, the twisted adjoint ation
does not preserve the group multipliation in general. Nevertheless, the
twisted onjugay lass Cr(g) is again a homogeneous spae
Cr(g) ∼= G/Hr(g) ,
3
While we were typing the present paper, a paper [2℄ appeared in whih one
an nd the result, obtained using a signiantly dierent method, that twisted
onjugay lasses are possible onformally invariant boundary onditions in WZW
models.
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where Hr(g) ⊂ G is now the isotropy subgroup of the element g:
Hr(g) := {h ∈ G | hg = gr(h)} .
When R, and hene r, is the identity map, then B agrees with the
onjugay lass of the element g. The result that onjugay lasses
ould appear as D-branes appeared for the rst time in [1℄. In [7℄
(see also [6℄) it was further shown that in the ase where R is an inner
automorphism, say R = Adh for some xed group element h, the gluing
ondition (2) reads
−∂gg−1 = hg−1∂¯gh−1 , (7)
whih is equivalent to
−∂g˜g˜−1 = g˜−1∂¯g˜ ,
for g˜ = gh−1. This gluing ondition therefore implies the boundary
ondition g˜ : ∂Σ → C, where C is a onjugay lass; or equivalently
g : ∂Σ → Ch, where Ch is the right-translate by h of the onjugay
lass C. Notie that Ch = hC so that there is no ambiguity had we
hosen to rewrite the gluing ondition in terms of h−1g.
More generally two automorphisms whih are related by an inner au-
tomorphism give rise to twisted onjugay lasses whih are translated
relative to eah other:
Cr◦Adh(g) = Cr(gr(h))r(h)
−1
and CAdh◦r(g) = Cr(gh)h
−1 .
This suggests that we organise the possible boundary onditions a-
ording to the group of (metri-preserving) outer automorphisms. In-
deed, letAuto(G) denote the group of metri-preserving automorphisms
of G and let Inno(G) ⊂ Auto(G) denote the invariant subgroup orre-
sponding to those automorphisms whih are inner. Then one an dene
the fator group
Outo(G) := Auto(G)/Inno(G) ,
of metri-preserving outer automorphisms. Elements of Outo(G) are
equivalene lasses of metri-preserving automorphisms of G: two suh
automorphisms being equivalent if they are related by an inner auto-
morphism. To eah element of Outo(G) we an assoiate an equivalene
lasses of D-branes foliating G, two suh branes being equivalent if one
is simply a translate of another. For example, orresponding to the
identity in Outo(G) we have onjugay lasses and their translates. For
G a ompat simple group, Outo(G) is given by automorphisms of the
Dynkin diagram, whih are lassied. For abelian groups no nontrivial
automorphism is inner. In the ase of the NappiWitten group, whih
we treat in detail in the next setion, we have that Outo(G) ∼= Z2,
whene there will be two distint families of D-branes, as we will see
below.
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It is tempting to interpret the group of metri-preserving outer au-
tomorphisms as a kind of duality group in the WZW model, permuting
dierent types of D-branes muh in the same way as T-duality or mirror
symmetry in toroidal and CalabiYau ompatiations, respetively.
3. D-branes in the NappiWitten group
In this setion we determine the D-branes in the NappiWitten group
orresponding to (twisted) onjugay lasses. We start with some gen-
eral remarks about the NappiWitten group we will make use of in the
sequel.
3.1. The NappiWitten group. The NappiWitten group N is the
universal entral extension of the two-dimensional eulidean group.
Topologially N ∼= S1 × R3, although one sometimes also onsiders
its universal over N˜ ∼= R4.
It is therefore onvenient to parametrise N by a triple (θ, w, t) where
θ is an angle, w is a omplex number and t is a real number. A typial
group element shall be denoted g(θ, w, t). Our rst task is to write
down the group multipliation law. We start with the two-dimensional
eulidean group E, with elements h(θ, w). It ats on the omplex plane,
parametrised by z, via ane transformations:
h(θ, w) · z = eiθ z + w .
From this ation we an read o the group multipliation law:
h(θ1, w1) h(θ2, w2) = h(θ1 + θ2, w1 + e
iθ1 w2) ,
whih displays the semi-diret produt nature of the group. If we
denote by R(θ) the rotation by an angle θ in the omplex plane:
R(θ) · z = eiθ z and T (w) the translation by w: T (w) · z = z + w,
then learly h(θ, w) = T (w)R(θ), and the group multipliation law
above says, among other things, that
R(θ1)R(θ2) = R(θ1 + θ2) (8)
R(θ) T (w) = T (eiθ w)R(θ) (9)
Sine the group N is a entral extension of E, a representation of N is
a projetive representation of E. Suh a representation is haraterised
by a group oyle. In the present ase, the oyle is assoiated with
the translations, whih as a result no longer ommute:
T (w1) T (w2) = T (w1 + w2) e
−
1
2
Im(w1w¯2) .
(The normalisation has been hosen for later onveniene.) Let us
introdue an abstrat one-parameter subgroup Z(t) whih ats as et
in the above projetive representation. Then we an rewrite the above
equation as
T (w1) T (w2) = T (w1 + w2)Z(−
1
2
Im(w1w¯2)) . (10)
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Let g(θ, w, t) = T (w)R(θ)Z(t) denote an element of N. Then the
group multipliation an be read o from equations (8), (9) and (10)
to give:
g(θ1, w1, t1) g(θ2, w2, t2)
= g(θ1 + θ2, w1 + e
iθ1 w2, t1 + t2 −
1
2
Im(w1e
−iθ1w¯2)) . (11)
It follows from that g(0, 0, 0) is the identity element and that the inverse
of g(θ, w, t) is given by
g(θ, w, t)−1 = g(−θ,−e−iθ w,−t) . (12)
3.2. The NappiWitten Lie algebra. In order to make ontat
with the traditional approah to the WZW model, where the funda-
mental dynamial variables are the hiral urrents, we must disuss the
Lie algebra n of the NappiWitten Lie group N.
Let us introdue abstrat generators P1, P2, J and K for the Lie
algebra n of N. We postulate the following relations between these
generators and the group elements T (w), R(θ) and Z(t):
T (w) = exp(xP1 + yP2) , R(θ) = exp(θJ) and Z(t) = exp(tK) ,
(13)
where w = x+ iy. From the equations (8), (9) and (10) one an easily
work out the Lie brakets obeyed by these generators. One nds
[J,Pi] = ǫijPj , and [Pi,Pj] = ǫijK , (14)
with all other brakets vanishing. As is well known by now, this algebra,
although solvable, possesses an invariant salar produt with lorentzian
signature:
〈Pi,Pj〉 = δij and 〈J,K〉 = 1 ; (15)
and this means that the group N possesses a bi-invariant lorentzian
metri.
We will need the metri in order to determine the geometry of the
D-branes, so we ompute it now. By denition, the metri is given by
ds2(g) = 〈g−1dg, g−1dg〉 ,
where g−1dg denotes the left-invariant MaurerCartan n-valued one-
forms, and 〈−,−〉 is the salar produt in n given by equation (15).
A simple alulation reveals that
g−1dg = (cos θdx+ sin θdy)P1 + (cos θdy − sin θdx)P2 + dθJ
+ (dt− 1
2
xdy + 1
2
ydx)K , (16)
whene the metri is given by
ds2 = dx2 + dy2 + 2dθdt+ (ydx− xdy)dθ . (17)
Bi-invariane is easily veried by showing that ds2 = 〈dgg−1, dgg−1〉.
MORE D-BRANES IN THE NAPPIWITTEN BACKGROUND 13
Let us remark that one an additionally set 〈J, J〉 equal to any real
number and still have an invariant salar produt, but there exists a
Lie algebra automorphism whih sets it bak to zero. Therefore it
represents no real loss in generality to demand that it be zero from the
outset. In any ase, its inlusion would simply add a term bdθ2 to the
metri (17), where b is a real onstant. None of the results we obtain
are hanged in any qualitative way by the inlusion of this onstant.
3.3. Automorphisms of the NappiWitten group. In order to
determine the dierent types of D-branes in the NappiWitten group,
we must determine the metri-preserving automorphisms of the Nappi
Witten group N. We will spare the reader the routine alulation by
whih one determines these automorphisms, and sketh the alulation
instead. We work with the Lie algebra: automorphisms of the Lie
group and the Lie algebra are related by the exponential map, whih is a
dieomorphism in this ase. Sine the Lie algebra n is four-dimensional
with a minkowskian salar produt, the automorphisms of n whih
preserve the salar produt belong to O(3, 1). We will refer to them
as orthogonal automorphisms. Determining the group of orthogonal
automorphisms of n is thus a linear algebra problem, whih an be
easily solved to yield the following.
The orthogonal automorphisms of n are parametrised by R
2×S1×Z2.
Indeed suppose that (x, y) ∈ R2, θ ∈ S1 and ε = ±1. Then the
automorphism R orresponding to (x, y, θ, ε) is given by
R(P1) = ε(cos θP1 − sin θP2) + (y sin θ − x cos θ)K
R(P2) = sin θP1 + cos θP2 − ε(x sin θ + y cos θ)K
R(J) = xP1 + yP2 + εJ−
1
2
ε(x2 + y2)K
R(K) = εK .
It is easy to show that automorphisms for whih ε = +1 are inner,
whene the group of orthogonal outer automorphisms is isomorphi to
Z2. This means that there will be two distint families of D-branes:
(the translates of) onjugay lasses, and another family orresponding
to (the translates of) twisted onjugay lasses. In order to determine
these twisted onjugay lasses, it will prove suient to study just one
automorphism whih is not inner. The simplest suh automorphism,
R, is the one orresponding to x = y = θ = 0 and ε = −1:
R(P1) = −P1 R(P2) = P2 R(J) = −J R(K) = −K .
The indued automorphism r on the Lie group is dened by:
r : g(θ, w, t) 7→ g(−θ,−w¯,−t) . (18)
It is easy to hek that this is an automorphism whih moreover is not
inner, sine as we will see below, onjugation leaves θ invariant.
We now proeed to disuss the two families of D-branes.
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3.4. Conjugay lasses as orbits of the adjoint group. The rst
family of D-branes is the one assoiated to the identity automorphism,
whih we have seen give rise to onjugay lasses.
Using the expliit expression (12) for the inverse of a group element
and the group multipliation law (11), we an ompute the adjoint
ation of a generi element g(θ, w, t) on a xed element g(θ0, w0, t0),
dened by
Adg(θ,w,t) g(θ0, w0, t0) := g(θ, w, t) g(θ0, w0, t0) g(θ, w, t)
−1 .
We nd
Adg(θ,w,t) g(θ0, w0, t0) =
g
(
θ0, (1− e
iθ0)w + eiθ w0, t0 −
1
2
|w|2 sin θ0 −
1
2
Im(1 + eiθ0)we−iθw¯0
)
.
(19)
The rst thing we notie is that θ0 is an invariant of the onjugay
lass, and we an try to distinguish between the dierent onjugay
lasses by the value of θ0 in the rst plae. The three-plane dened by
xing the value of θ is foliated by the onjugay lasses. The results
are summarised in Table 1 and illustrated in Figure 1.
Class Element Type Centraliser Causal Type
C
′
0,t0
g(0, 0, t0) point N
C0,|w0| g(0, w0, 0) ylinder g(0, sw0, t) degenerate
Cpi,t0 g(π, 0, t0) plane g(θ, 0, t) spaelike
Cθ0 6=0,pi, k0 g(θ0, 0, k0) paraboloid g(θ, 0, t) spaelike
Table 1. Conjugay lasses of the NappiWitten group,
along with the typial element, the topologial type of
the onjugay lass, the entraliser of the typial element
and the ausal type of the lass.
Consider rst of all the ase of θ0 = 0. Then we see that under the
adjoint ation (19),
g(0, w0, t0) 7→ g
(
0, eiθ w0, t0 − Imwe
−iθw¯0
)
.
We an distinguish two subases:
• (w0 = 0) In this ase, g(0, 0, t0) belongs to the entre of N and
hene is the only element in its onjugay lass C
′
0,t0
. The en-
traliser of every suh lass is the group N itself.
• (w0 6= 0) In this ase, the onjugay lass is a ylinder (i.e., dieo-
morphi to R× S1) omprising those group elements of the form
g(0, w0e
iθ, t), whih shows that the onjugay lass is labelled by
|w0|. We denote this lass by C0,|w0|. The entraliser of a typi-
al element g(0, w0, 0) in this lass is the two-dimensional abelian
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(a) θ0 = 0 (b) 0 < θ0 < pi () θ0 = pi (d) 2pi > θ0 > pi
Figure 1. Foliation of θ0 = onstant three-planes by
onjugay lasses.
subgroup Aw0 ⊂ N whose elements are of the form g(0, sw0, t),
with s and t real numbers.
Figure 1(a) shows how these onjugay lasses foliate the three-plane
in N orresponding to θ0 = 0.
Consider now θ0 = π. In this ase, under the adjoint ation (19),
g(π, w0, t0) 7→ g(π, 2w + e
iθw0, t0) .
This shows that the onjugay lass is a 2-plane labelled by t0, de-
noted Cpi,t0 and pitured in Figure 1(). The entraliser of an element
g(π, w0, t0) in Cpi,t0 is the two-parameter subgroup Sw0 ⊂ N onsisting
of elements of the form
g(θ, 1
2
(1− eiθ)w0, t) .
Topologially, Sw0
∼= R×S1; although as Lie groups it is not a produt.
Indeed, if we let k(θ, t) := g(θ, 1
2
(1− eiθ)w0, t), then we have
k(θ1, t1) k(θ2, t2)
= k
(
θ1 + θ2, t1 + t2 −
1
8
|w0|
2Im(1− eiθ1)(1− eiθ2)
)
.
Finally we onsider the ase of general θ0 6= 0, π. The entraliser of
an element g(θ0, w0, t0) with θ0 6= 0, π is given by those elements of the
form
g(θ, (1− eiθ)w0(1− e
iθ0)−1, t) ,
whih form a two-dimensional subgroup Sz0 ⊂ N with z0 := w0(1 −
eiθ0)−1. The onjugay lass, being dieomorphi to N/Sz0 , is therefore
two-dimensional. The onjugay lass is dened (having xed θ0) by
the value of the real-valued lass funtion
F (θ0, w0, t0) := t0 sin
θ0
2
+ 1
4
|w0|
2 cos θ0
2
.
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Fixing a real number k0 and θ0 6= 0, π, elements in the onjugay lass
Cθ0,k0 are of the form
g(θ0, w, k0 −
1
4
|w|2 cot θ0
2
) ,
for w ∈ C, whih make up a paraboloid. We an distinguish two ases:
θ0 ∈ (0, π) and θ0 ∈ (π, 2π). They are illustrated in Figures 1(b) and
1(d), respetively.
Parenthetially, the funtion F also distinguishes onjugay lasses
when θ0 = π and even for θ0 = 0 when |w0| 6= 0; whereas for w0 = 0,
it is the value of t0 whih now distinguishes the (pointlike) onjugay
lasses.
3.5. Geometry of the onjugay lasses. Due to their interpreta-
tion as D-branes, an important harateristi of a onjugay lass is its
geometry. In partiular we have seen above that in order to onlude
that a onjugay lass may serve as Dirihlet boundary onditions for
a WZW model, it was neessary to assume that it was non-degenerate
relative to the bi-invariant metri. In this setion we will eluidate
the geometry of the onjugay lasses found above. We will see that
the planar and paraboloidal onjugay lasses are at and eulidean,
whereas the ylindrial onjugay lass is degenerate. Therefore all
but the ylindrial onjugay lasses an be understood as D-branes,
at least at our urrent level of understanding. Sine the metri on N
is bi-invariant, the alulation is simplied in that it is enough to de-
termine the geometry at a point: all other points being related by the
adjoint ation of the group, whih is an isometry. At the same time,
left- or right-translating a onjugay lass does not alter its geometry.
As alluded to above, the bi-invariant metri on N is not unique (even
up to sale): one an always add a term bdθ2 for b ∈ R. Sine, as we
shall see, the onjugay lasses have onstant θ, the indued metri is
impervious to the inlusion of this term.
3.5.1. The onjugay lasses C0,|w0|. From the above onsiderations it is
enough to work at a point, whih we take to be the typial element g0 :=
g(0, w0, 0). The onjugay lass is the set C = {g(0, e
iθw0, t) | θ, t ∈ R},
and the entraliser is the subgroup Z = {g(0, sw0, t) | s, t ∈ R}. At
the point g0, the tangent spae Tg0C to the onjugay lass is spanned
by the vetors v1 = x0∂y − y0∂x and v2 = ∂t, where w0 = x0 + iy0.
Computing their salar produt, we nd that at the point g(0, w0, 0),
〈v1, v1〉 = |w0|
2 , 〈v1, v2〉 = 〈v2, v2〉 = 0 .
Therefore the metri is degenerate, and this means that this onjugay
lass annot be interpreted (at least straightforwardly) as a D-brane.
Notie that the tangent spae Tg0Z to the entraliser Z at the point g0,
is spanned by the vetors u1 = x0∂x + y0∂y and u2 = ∂t, whih obey
〈u1, u1〉 = |w0|
2 , 〈u1, u2〉 = 〈u2, u2〉 = 0 .
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As usual we nd that at g0, Tg0C = (Tg0Z)
⊥
, but that in this ase
Tg0C ∩ Tg0Z 6= {0}.
3.5.2. The onjugay lasses Cpi,t0. Let us now x the typial element
g0 := g(π, 0, t0). The onjugay lass of this element is the set C =
{g(π, w, t0) | w ∈ C} and the normaliser of the typial element is the
subgroup Z = {g(π + θ, 0, t0 + t) | θ, t ∈ R}. At the point g0, the
tangent spae to the onjugay lass is spanned by the vetors v1 = ∂x
and v2 = ∂y, with metri
〈v1, v1〉 = 〈v2, v2〉 = 1 , 〈v1, v2〉 = 0 .
This metri is learly non-degenerate and eulidean. It is also evidently
at. Therefore the resulting D-brane is a at eulidean D-string. The
tangent spae to the entraliser subgroup at the point g0 is spanned by
u1 = ∂θ and u2 = ∂t, whose metri is
〈u1, u2〉 = 1 , 〈u1, u1〉 = 〈u2, u2〉 = 0 ,
whih is non-degenerate and minkowskian. Again we have that Tg0C =
(Tg0Z)
⊥
, but now Tg0C ∩ Tg0Z = {0} , so that Tg0N = Tg0C⊕ Tg0Z.
3.5.3. The onjugay lasses Cθ0,k0. We take g0 := g(θ0, 0, k0) as typial
element. Its onjugay lass is the set C = {g(θ0, w, k0−
1
4
|w|2 cot θ0
2
) |
w ∈ C}, and its entraliser subgroup is Z = {g(θ, 0, t) | θ, t ∈ R}. The
tangent spae to the onjugay lass at g0 is spanned by the vetors
v1 = ∂x and v2 = ∂y, with metri
〈v1, v1〉 = 〈v2, v2〉 = 1 , 〈v1, v2〉 = 0 .
This metri is learly non-degenerate, eulidean and at. Therefore the
resulting D-brane is again a at eulidean D-string. The tangent spae
to the entraliser subgroup at the point g0 is spanned by u1 = ∂θ and
u2 = ∂t, whose metri is
〈u1, u2〉 = 1 , 〈u1, u1〉 = 〈u2, u2〉 = 0 ,
whih is non-degenerate and minkowskian. Again we have that Tg0C =
(Tg0Z)
⊥
, and Tg0C ∩ Tg0Z = {0} , so that Tg0N = Tg0C⊕ Tg0Z.
3.6. Twisted onjugay lasses of the NappiWitten group. In
this setion we determine the twisted onjugay lasses in the Nappi
Witten group. As disussed above, they will all be translates of the
twisted onjugay lasses orresponding to the automorphism r dened
in equation (18), whih is a representative for the unique nontrivial
(metri-preserving) outer automorphism in the NappiWitten group.
Thus let Cr(θ0, w0, t0) denote the twisted adjoint orbit of the element
g(θ0, w0, t0):
Cr(θ0, w0, t0)
:=
{
g(θ, w, t)g(θ0, w0, t0)g(−θ,−w¯,−t)
−1 | (θ, w, t) ∈ S1 × C× R
}
.
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Using the group multipliation law (11), one an ompute the twisted
ation. First of all notie that
g(−θ,−w¯,−t)−1 = g(θ, eiθw¯, t) ,
and therefore
g(θ, w, t)g(θ0, w0, t0)g(θ, e
iθw¯, t) = g(θ0 + 2θ, e
iθw0 + w + e
i(2θ+θ0)w¯,
t0 + 2t−
1
2
Im(we−iθw¯0)−
1
2
Im((w + eiθw0)e
−i(θ0+2θ)w)) . (20)
In order to determine the dimension of this orbit, we work out the
isotropy of the point (θ0, w0, t0); that is, the subgroup of N whose
twisted adjoint ation leaves g(θ0, w0, t0) invariant. Equating the right-
hand side of equation (20) with g(θ0, w0, t0) we nd that θ = 0, w =
i̺eiθ0/2, and t = 1
2
̺Re(w0e
−iθ0/2), for some real parameter ̺. In other
words, the isotropy subgroup is one-dimensional and hene the twisted
onjugay lasses are three-dimensional.
Sine they have odimension one, it is possible to exhibit these
twisted onjugay lasses as level sets of a funtion whih is invari-
ant under the twisted adjoint ation. The innitesimal generators of
the twisted adjoint ation are easy to work out and demanding that
a funtion be invariant under their ation gives a number of partial
dierential relations. The dierential ring of funtions satisfying these
relations is generated by the funtion
G(θ0, w0, t0) = Im(w0e
−iθ0/2) .
Hene eah twisted onjugay lass is determined by a real number k,
as the set of g(θ, w, t) for whih
Im(we−iθ/2) = k . (21)
It may be worth remarking that the twisted onjugay lasses in this
family are odd-dimensional. This is in sharp ontrast with the ase
of onjugay lasses, whih (at least in groups admitting bi-invariant
metris) always have even dimension. This follows beause onjugay
lasses are the image under the exponential map of the adjoint orbits,
whih are dieomorphi to the o-adjoint orbits whih are sympleti
manifolds relative to the natural KirillovKostantSouriau sympleti
struture, and hene are even-dimensional.
3.7. Geometry of the twisted onjugay lasses. The indued
metri on the twisted onjugay lasses an be worked out as follows.
Let us introdue polar oordinates (r, φ) related to w in the usual way:
w = reiφ. Let us assume that k 6= 0. We an then eliminate the radial
oordinate r using equation (21):
r = k csc(φ− 1
2
θ) .
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It is onvenient to eliminate φ in terms of the real variable z = cot(φ−
1
2
θ). In terms of the oordinates (z, θ, t) parametrising the twisted
onjugay lass, the metri (17) beomes
ds2 = k2dz2 + 2dθ
(
dt− 1
8
k2(1 + z2)dθ
)
, (22)
whih is learly non-degenerate and of lorentzian signature. Therefore
twisted onjugay lasses dene D-membranes. Unlike the eulidean
D-strings assoiated to the onjugay lasses, these membranes are not
at and, sine in three dimensions, Rii-atness implies atness, they
are not Rii-at either. To see this let us simply notie that the
riemannian onnetion is given by
∇θ∂θ =
1
4
z∂z and ∇θ∂z = ∇z∂θ = −
1
4
k2z∂t ,
whene the riemannian urvature tensor has omponents
Rzθθ
z = −1
4
and Rzθz
t = 1
4
k2 .
Notie that the Rii tensor has non-vanishing omponents Rθθ =
1
4
,
but that the salar urvature does vanish.
Let us remark that the membrane admits parallel spinors. In fat, it
is an example of an indeomposable Rii-null lorentzian manifold (see
for example [3℄) with holonomy group isomorphi to R ⊂ SO(2, 1). In
fat the membrane metri onforms to the metri given by equation (17)
in [3℄, whih is the most general three-dimensional lorentzian metri
admitting parallel spinors.
The same onlusion an be reahed for k = 0; although the details
are dierent. In this ase, we do not eliminate r, but rather notie that
in this ase φ = 2θ, whene in terms of the real oordinates (r, θ, t),
the indued metri on the membrane is given by
ds2 = dr2 + 2dθ
(
dt− 3
8
r2dθ
)
, (23)
whih again desribes an indeomposable three-dimensional lorentzian
manifold admitting parallel spinors.
Let us remark that the indued metri on the twisted onjugay
lasses is aeted by inluding the term bdθ2 oming from the ambiguity
in the invariant salar produt n; but this does not hange qualitatively
the geometry of the brane. One still obtains indeomposable three-
dimensional lorentzian manifolds admitting parallel spinors.
In summary, we see that the NappiWitten group admits urved
membranes admitting parallel spinors, at eulidean strings and in-
stantons among its D-branes.
4. Conlusions
In this paper we have re-examined the possible boundary onditions
in a WZW model whih are ompatible with onformal invariane. We
have shown (following [6℄) how to relate gluing onditions on the hiral
urrents to geometri boundary onditions of the group valued elds
20 FIGUEROA-O'FARRILL AND STANCIU
in the lassial desription of the WZW model. We have seen that a
natural solution to the onsisteny onditions are given by (twisted)
onjugay lasses: the orbits of group elements under the adjoint a-
tion twisted by an automorphism. When the automorphism is trivial,
the resulting orbits are onjugay lasses, and when it is inner the or-
bits are shifted onjugay lasses. More generally, two automorphisms
whose dierene is an inner automorphism give rise to orbits whih
are shifted relative to eah other. This suggests that one should use
the group of (metri-preserving) outer automorphisms as a sort of las-
sifying group for boundary onditions.
It is important to keep in mind that not all boundary onditions are
given by (twisted) onjugay lasses, as shown in [8, 7, 6℄.
We have then illustrated these results in the ase of the Nappi
Witten group. In that ase the group of (metri-preserving) outer
automorphisms has order 2, and hene there are two distint families
of possible boundary onditions. One family gives rise to (shifted)
onjugay lasses. Studying their geometry, we have seen that these
lasses onsist of at eulidean D-strings and D-instantons. The other
family of boundary onditions gives rise to D-membranes whih are not
at: they are indeomposable lorentzian manifolds admitting parallel
spinors.
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